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I F  Y O U  l i k e  o p t i c s  yo u  w i l l  fi n d  g rap h i c al  r a y
t rac i n g  b o t h  i n t e re s t i n g  a n d  i n s t r u c t i v e .  T h e
si m p l e  g rap h i c a l  t r a c e  co m b i n e d  w i t h  a  b i t  o f
e l e m e n t ary  m a t h  w i l l  g i ve  yo u  th e  ap p ro x i m at e
fi r s t  so l u t i o n  to  an y  k i n d  o f  o p t i cal  p ro b l e m  i n -
vo l vi n g  a n  o b j e c t  an d  an  i m ag e .  Y o u  c a n  p u t
l i g h t  r a y s  t h ro u g h  m u l t i p l e  l e n se s  a l m o s t  a s
e as i l y  as  th ro u g h  a  si n g l e  e l e m e n t .

T o o l s n e e d e d  a r e  t h e  c o m m o n  o n e s u se d  i n
an y k i n d  o f  m e ch an i cal  d rawi n g  o r  d raf t i n g ,  th at
i s ,  d r aw i n g  b o ard  an d  T -s q u are .  A n  ad j u stab l e
t ri an g l e  i s  h e l p fu l ,  a l m o s t  a  m u st  f o r th e  p o p u l ar
an d  u se f u l  o b l i q u e  t r ac e .  T h re e  o r  m o re  c o l o rs
o f p e n ci l s o r  b al l p o i n t  d e sk p e n s w i l l  m ake  yo u r
w o r k  e as y  o n  t h e  e ye s  an d  e as y  to  u n d e rstan d .

Draw i n g s  sh o u l d  b e  m ad e  f a l l - s i z e  wh e n e ve r
p o ssi b l e ,  an d  i f  b e yo n d  yo u r b o ard ,  th e  ap e rt u re s
sh o u ld  b e  re t ai n e d  f u l l - s i z e ,  s c a l i n g  d o wn  th e
l o n g i tu d i n al  d i m e n si o n s o n l y to  su i t .
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P a r a l l e l Raymethod
THIS mos t common method of graphical ray tr ac -
ing r equir es  a n  o ff- ax is  ob jec t po in t whic h i s
usually  tak en as  th e  edge o f the objec t. A pply -
ing the thr ee s im ple r ules  shown, you can tr ac e
light r ay s  f r o m  th i s  po in t, thr ough the lens , to
the cor responding po in t on the image. Only  two
rays a r e  ac tual ly  needed to  loc ate th e  image,
but the th i r d  is useful as a kind of check or  pr oof.
A l l  th i s  i s  s im ple  geometr y , s o i f  at tim es  you
don.t ge t a  per fec t in ter s ec tion o f  l ines , don' t
blame i t  on the "s y s tem ."

A SECOND LE NS . A f te r  y ou loc ate the  im age
point, any  number  o f additional l i gh t rays  can be
drawn, F i g .  5 .  Us ing  th i s  idea, y ou can locate
in the  c one o f  l ight fr om  the fi r s t lens , the key
rays fo r  a  second lens , a s  shown in  Figs . 6, 7
and 8 . Of  the thr ee i n i ti a l  r ay s , only  the lower -
most leav ing the fi r s t lens  par al le l  is  continued
through th e  second lens , F i g .  6 . The other  two
key r ay s  fo r  th e  second lens  m us t be found by
back- track ing fr om  the image point in the manner
shown.

OBJECT INS IDE  FOCUS . Fi g s .  10 and 11 show
how to  handle th i s  s i tuation. You use the same
three r u l e s  as  befor e , b u t now the  l i g h t r ay s
must be extended backwards to locate the v ir tual
image. A ny tim e y ou get two or  m or e l igh t r ays
diverging or  spreading a fte r  they  leave a lens or
m i r r o r , you know the image is  v ir tual and can be
found by  ex tending the l igh t r ay s  in  the oppos ite
direc tion.

POSITIVE M IRROR. A  pos itive (concave)m i r r o r
forms  a n  im age  i n  m uc h  the  s am e way  as  a
pos itive lens , ex c ept the undev iated r ay  passes
through the c enter  o f cur vature, which is  r u le  1
in Fig . 12. The other  two r ules  ar e the same as
for  a  lens , ex c ept the l igh t i s  r efl ec ted ins tead
of being r efr ac ted.

The case o f  an ob jec t ins ide foc us , Fi g . 13,
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PAIZALLEL RAY METHOD
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i s  a l s o  s i m i l a r  t o  t h e  s a m e  co n s t ru c t i o n  f o r  a
l e n s. No t i c e  t h at  l i g h t  r a y s  in  a m i r r o r  t rac e  a r e
b e n t a t  a  s t rai g h t  re f e re n ce  l i n e  d rawn  th ro u g h
th e  v e r t e x  o f  th e  m i r r o r ;  th i s i s done  to  p re s e rv e
th e  g e o m e t r i c al  re l at i o n sh i p  wh i ch  i s  th e  b as i s
f o r  t h i s  k i n d  o f  g rap h i cal  r a y  t rac i n g .  A c t u al l y
yo u  a r e  n o t  d e al i n g  w i t h  l e n se s  o r  m i r r o r s  at
al l  b u t o n l y wi t h  s i m i l a r  t r i an g l e s .

N E GA T I V E  L E N S E S  A N D  M I R R O R S .  T h e s e

case s  a r e  sh o wn  i n  F i g .  1 4  an d  1 5  an d  ar e  c o m -
p le te  an d  s e l f -e x p l an at o ry .  T h e  n e g at i ve  l e n s o r
m i r r o r  a l w ay s  p ro d u ce s a  v i r t u a l  i m ag e ,  al way s
re d u ce d  i n  s i z e ,  a l w a y s  o n  th e  o p p o si te  si d e  o f
th e  l e n s  o r  m i r r o r  t o  t h e  n o r m al  p o si t i o n  o f  a
re al  i m ag e  f o rm e d  b y a  p o s i t i ve  l e n s o r m i r r o r .

V I R T U A L  P R I M A R Y  I M A G E .  T h e r e  a r e  t w o
co m m o n  c as e s  wh e re  th e  fi r s t  o f  two  l e n se s wi l l
f o rm  a  v i r t u a l  i m ag e  to  th e  l e f t  o f a se co n d  l e n s.
Th e se  c as e s  a r e  sh o wn  in  F i g s.  1 6  an d  1 8 . Wh e n -
e ve r t h i s  s i t u at i o n  o c c u r s ,  y o u  c a n  u s e  t h e
p r i m a r y  i m ag e  f o rm e d  b y  th e  fi rs t  l e n s as a r e a l
o b je ct f o r  t h e  se co n d  l e n s i n  th e  se n se  yo u  can
t r e a t  t h e  se co n d  l e n s  i n d e p e n d e n tl y.

IMAGE --O•vtRTuAL)
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THE O BL IQ UE ray  method has the use fu l fe atu re
th at yo u  can  s t ar t  ou t wi th  an y ran d o m ray  and
trace  th i s r ay  th rough an y number o f lenses. I f
you are  wo rkin g  wi th  an  o b je cttarg e t, i t mu st be
a p o in t o n  th e  axi s. Th is, o f co u rse , i s ju st the
opposite o f the p aral l e l  ray method where the o b -
je ct po in t mu st be o f f  the axi s.  A  l ig h t ray  fro m
any axi al  o b je ct po in t wi l l  fo rm  an  imag e  at  an y
point wh e re  i t  ag ain  cro sse s o r ap p e ars to cro ss
the o p ti cal  axi s. The  " ap p e ars to  cro ss"  app lies
to n e g ati ve  le n se s an d  o th e r case s wh e re  th e
image i s vi rtu al .

SINGL E PO SITIVE L ENS. Yo u  s tart  out with  any
random ray.  You  don't know where th is ray is g o -
ing, b u t,  i f  yo u  had  a bundle o f rays p aral l e l  to
the ran d o m ray ,  th e y wou ld  al l  co me  to  a fo cu s
at th e  second fo cal  p lane , as shown  at A in  F ig .
I .  In clu d e d  i n  th i s bundle i s the  undeviated ray
passing  th ro u g h  the  ce n te r o f the le n s. Included
also  i s the  ran d o m ray  i tse l f. Hence , the oblique
ray co n stru ctio n  i s  j u st  a  m at te r o f d rawin g  a
line th ro u g h  th e  ce n te r o f  th e  le n s, p aral l e l  to
the ran d o m  r ay .  A t  th e  p o in t wh e re  th i s r ay
in te rse cts th e  second fo cal  p lane , you  e stab l ish
a p o in t th rough  wh ich  the ran d o m ray mu stp ass.
Extending th e  l i g h t  r ay ,  yo u  wi l l  fi n d  i t  Ou ts
acro ss th e  axi s,  lo catin g  the imag e  po in t o f the
correspond ing  ax i al  o b je ct. I t  i s  wo rth  no ting
again  th at the  in te rse ctio n  o f the undeviated ray
with  the fo cal  p lane  m arks a p o in tth ro u g h wh ich
the ran d o m ray  mu st p ass--i t  i s not the lo catio n
of an  imag e . The  sin g le -l in e  trace  does not show
the sin e  o f the imag e . Th is is re ad i ly determined
wi th  a line  d rawn  fro m ob ject th rough  the ce n te r
of le n s, as at  C, F ig .

NEGAT IVE L ENS. A  negative  te n e ts a d iverg ing
l e n s--i t  sp re ad s the  l ig h t rays in ste ad  o f b rin g -
ing th e m to  a fo cu s. Th u s, you  have  the  g e n e ral
case  wh e re  re fracte d  l ig h t rays ap p e ar to  co me
fro m a vi rtu al  image. An  incident bundle o f p aral -
le l r ay s  w i l l  ap p e ar t o  co me  f ro m  th e  f ro n t
fo cal p lan e , a s  shown at B, F ig . 2 . He re  ag ain
you are  in te re ste d  on ly in  the th ru -th e -ce n te r-
o f-le n s ray ,  wh ich  i s  th e  one th at  l o cate s th e
guide po in t th rough  wh ich  the re fracte d  ray must
p ass, F ig . 20. As b e fo re , an  e xtra line  is needed
to fi n d  th e  imag e  sin e  o f  an  extended o b je ct,
Fig . 2 0 .

O BJECT INSIDE FO CUS. An  ob ject at  le ss than
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0  POSITIVE LENS with  OBJECT INSIDE FOCUS
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one f o c a l  l e n g th  f r o m  a  l e n s p ro d u ce s a  v i r t u a l
i m ag e  o n  th e  s am e  si d e  o f  the  le n s as th e  o b j e ct .
A  t y p i c al  case  i s  sh o wn  i n  F i g .  3 . Ray  t rac i n g  b y
th e  o b l i q u e  m e th o d  p ro ce d e s  j u s t  t h e  s a m e  as
b e fo re , t h e  o n l y  d i f f e re n ce  b e i n g  t h at  t h e  r e -
f rac t e d  r a y  w i l l  b e  se e n  t o  b e  d i ve rg i n g  an d
m u s t  b e  e xte n d e d  b ack  t o ward  th e  o b j e ct i n  o rd e r
to  l o cat e  th e  ax i a l  i m ag e  p o i n t .

T R A C I N G T WO  L E NS E S .  T wo  o r m o re  l e n se s are
e as i l y  t r a c e d  b y  t h e  o b l i q u e  r a y  m e th o d .  Y o u
s t a r t  o u t w i t h  a  ran d o m  r a y  i n ci d e n t  o n  the  fi r s t
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le n s a t  an y  an g l e  o r  h e i g h t,  as  sh o wn  in  F i g .  4 A .
Yo u  d o n ' t  k n o w  wh e re  t h i s  r a y  i s  g o in g , b u t  i f
yo u  d r a w  a  p aral l e l  co n s t ru c t i o n  l i n e ,  yo u  kn o w
th e  r a y  w i l l  b e  re f rac t e d  t o  th e  p o i n t  wh e re  th e
co n st ru ct i o n  l i n e  i n t e rs e c t s  th e  fo cal p l an e .  L i n e
3 i n  d i ag ram  4 A  i s  th e  re f rac t e d  r ay  fo r th e  fi r s t
l e n s, d r aw n  as  d e scri b e d .

Th e  p ro c e d u re  i s  re p e at e d  f o r  t h e  se co n d
l e n s. T h e  e n d  r e s u l t  l o cat e s  th e  i m ag e  p o i n t  o f
an  ax i a l  o b j e ct .  I f  th e  o b j e ct  i s  e xte n d e d i n  s i ze ,
an  ad d i t i o n al  r a y  m u s t  b e  t race d  to  g e t th e  i m ag e
si ze .  T h i s  e x t r a  r a y  i s  s t ar t e d  o n  i t s  way  b y th e
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* U R  GUIDE  I S  T HE  RAY
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CENTER O F CURVAT URE.
THIS RAY IS No r DEVIATED

I T G O ES TO  T HE M I RRO R
A N D  CO M ES RI E NT  B A C K
AGAIN.  T H I S  RAY COMES
TO A FOCUS AT THE PO INT
WHERE IT CROSSES T HE
FO CAL  PL ANE

OBJECT I M A G E
POINT P O I N T  GUIDE

Po , Nr

INC(DENT-
4RAY CO NSTRUCTIO N

E  L I N E  6PARAUEL. TorAiE mclo Amr RAY)

You ooN'r KNOW WHERE
T H E  I N C I D E N T  RA Y  is  G O I NG
BUT IF  YO U DRAW A  L INE
PARALLEL TO IT  F RO M  C ,
YOU WIL L  L OCATE A PO INT
O N T HE  FO CAL  PLANE T RW
W H I C H  T H E  R E F L E C T E D
RAY M UST  PASS

p aral l e l  r a y  m e th o d , F i g .  4 0 ,  an d i s  th e n  co n t i n -
ued w i t h  an  o b l i q u e  t r a c e  f o r  l e n s  N o .  2 .  T h e
co m p l e te  t r a c e  i s  sh o wn  at  C .  T h e  p aral l e l  r a y
f ro m  t h e  e d g e  o f  th e  o b j e ct  al so  re p re se n t s  th e
p ath  o f  a  r a y  f r o m  a  d i s t an t  ax i a l  p o i n t ;  h e n ce ,
wh e re  t h i s  r a y  c ro s s e s  th e  ax i s  l o cat e s  th e  b ack
o r se co n d  f o cal  p l an e  o f  th e  co m b i n at i o n .

O B L I Q UE  T R A C E  F O R  M I R R O R S .  T h e  o b l i q u e
t r ac e  f o r  a  m i r r o r  i s  m u c h  t h e  s am e  as  f o r  a

le n s w i t h  t h e  i m p o r t a n t  d i f f e r e n c e  t h a t  t h e
u n d e viate d  r a y  p as s e s  t h ro u g h  t h e  c e n t e r  o f
c u rv at u re .  T h e  t h e o ry  o f  t h e  m e th o d  i s  sh o wn
in  F i g .  5  a t  A ,  B  an d  C; th e  t r ac e  i t s e l f  i s  sh o wn
at  D .  A s  w i t h  a  l e n s ,  y o u  d r a w  a  co n st ru c t i o n
l i n e  p a r a l l e l  t o  t h e  i n c i d e n t  r a y .  A t  t h e  p o i n t
wh e re  t h i s  l i n e  c r o s s e s  t h e  f o c a l  p l an e ,  y o u
e stab l i sh  a  g u i d e  p o i n t  t h ro u g h  wh i c h  t h e  r e -
fl e cte d  r a y  m u s t  p ass .  Co n t i n u i n g  t h i s  r a y  to  th e
ax i s  l o c a t e s  t h e  a x i a l  i m ag e  p o i n t .  T h e  c as e
sh o wn  i n  F i g .  5 i s  f o r ap o s i t i ve  (co n cave ) m i r r o r
wi t h  o b j e c t  a t  m o r e  t h an  o n e  f o c al  l e n g th . F i g .
6 sh o ws  th e  e x t r a  l i n e  n e e d e d to  l o cate  th e  i m ag e
si ze  o f  an  e xte n d e d  o b j e ct .

O B J E C T  I N S I D E  F O CUS .  A n  o b j e ct  a t  l e ss  th an
one f o c a l  l e n g t h  f r o m  a  p o s i t i ve  m i r r o r  w i l l
p ro d u ce  a  v i r t u a l  i m ag e ,  wh i ch  ap p e ars  to  co me
f ro m  b e h i n d  th e  g l as s ,  F i g .  7 .  T h e  o b l i q u e  co n -
s t ru c t i o n  i s  m u c h  t h e  s a m e  a s  b e f o re ,  e x c e p t
th e  ac t u a l  re fl e c t e d  r a y  i s  se e n  to  b e  d i ve rg e n t
an d  m u s t  b e  e xte n d e d  i n  th e  o p p o si te  d i re c t i o n
to  l o c at e  t h e  v i r t u a l  i m ag e  b e h i n d  th e  m i r r o r .

N E GA T I V E  M I R R O R .  A  n e g at i ve  (co n ve x) m i r r o r
a l w ay s  p ro d u ce s a  v i r t u al  i m ag e ,  re d u ce d  in  si ze
an d  ap p e ari n g  to  co m e  f r o m  b e h in d  th e  m i r r o r .
Th e  o b l i q u e  r a y  t r a c e  i s  s h o wn  i n  F i g .  8 .  T h e
ac t u al  re fl e c t e d  r a y  i s  n o t  sh o wn ,  b u t  o n l y i t s
e xte n s i o n --l i n e  N o .  3 - - w h i c h  l o c at e s  t h e  ax i a l
i m ag e  p o i n t wh e re  i s  c ro s s e s  th e  ax i s .



Principal Planes
P R I N C I P A L  P L A N E S  are  i m ag i n ar y  p l an e s i n  a
l e n s o r  l e n s  s y s t e m  f r o m  wh i ch  m e asu re m e n t s
are  m ad e .  O rd i n ar i l y ,  m e asu ri n g  d i stan ce s f ro m
th e  c e n t e r  o f  a  t h i n  l e n s  i s  ac c u r a t e  e n o u g h ,
b u t a s  l e n se s  b e co m e  t h i c k e r ,  a  m e asu re m e n t
f r o m  t h e  p ro p e r  P P  i s  m o r e  ac c u rat e .  P P 1  i s
asso c i ate d  w i t h  an y  d i m e n s i o n  t o  t h e  f r o n t  o f
th e  l e n s ;  P P 2  i s  t h e  re f e re n c e  l i n e  f o r  a n y
m e asu re m e n t  o n  t h e  i m ag e  s i d e .  T h e  P P ' s  o f
s i m p l e  l e n se s  c a n  b e  l o cat e d  c l o s e  e n o u g h  b y
e ye , as  sh o wn  i n  b o xe d  d i ag ram  b e l o w.
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two  l e n se s can  b e  fo u n d b y a g rap h i cal  r ay  t r ac e .
A  t y p i c al  e xam p l e  i s  sh o wn  i n  F i g .  1 .  F i r s t ,  yo u
ru n  i n  a  p ar a l l e l - w i t h - ax i s  r a y  f r o m  th e  l e f t  an d
t ake  i t  t h ro u g h  t h e  t w o  l e n se s  b y  t h e  t r ac i n g
me th o d s a l r e a d y  d e scri b e d ,  a s  sh o wn  i n  Ste p  1 .
l i t h e  fi n al  e m e rg e n t  r ay  i s p ro j e cte d  b ackward s ,
i t  w i l l  i n t e rse c t  an  e xte n si o n  o f  th e  o ri g i n al  ray ,
as  sh o wn  i n  S te p  2 ,  t h e  i n t e rse c t i o n  b e i n g  th e
l o cat i o n  o f  P P 2 .  P P 1  i s  fo u n d  b y  ru n n i n g  i n  a
s i m i l a r  r a y  t r ac e  f r o m  th e  r i g h t ,  Ste p  3 .

In  co n n e ct i o n  w i t h  t h e  g rap h i c al  t r ac e ,  i t  i s
o fte n  u s e f u l  t o  c a l c u l a t e  t h e  e . f . l .  o f  t h e  t w o

l e n se s, u s i n g  t h e  n e e d e d  f o r m u l a  f r o m  F i g .  6
tab l e .  T h e  P P  p o si t i o n s al so  can  b e  cal cu l at e d ,
F i g .  7 ,  an d  th e  co m b i n e d  m at h -g rap h  o p e rat i o n
p ro vi d e s an  assu r i n g  d o u b l e -ch e ck.

US I NG T H E  P P ' s .  K n o wi n g  t h e  P P .  s o f  a t w o -
le n s s y s t e m ,  yo u  can  t r e a t  th e  co m b i n e d  l e n se s
as  a  s i n g l e  l e n s .  A n y  d i s t an ce  t o  th e  i m ag e  i s
m e asu re d  f r o m  P P 2 ;  an y  d i s tan ce  t o  th e  o b j e ct
i s  m e as u re d  f r o m  P P 1 .  F i g .  3  i s  an  e xam p l e .
He re  t h e  P P ' s  a r e  c ro s s e d ,  b u t  t h i s  d o e s n o t
al t e r  t h e  p ro ce d u re  i n  t r ac i n g  l i g h t  r a y s - - y o u
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of SIMPLE POSITIVE LENSES
Usu al l y i t  i s  cl o se  enough to  se t  o f f  the
fo cal  le n g th  o r  o th e r me asu re me n t f ro m
the ce n te r o f  a le n s, b u t i f  you  wan t to  be
e xact, t h e  p ro p e r m e asu ri n g  p o in ts are
the p ri n c i p al  p lan e s, as  sh o wn . Th e  P P
,
s
are  n u mb e re d  1 -2  f ro m  th e  o b je ct si d e ;
the n u m b e rs in te rch an g e  wh e n  th e  le n s i s
face d  in  opposite  d i re ctio n , as  can  be seen
in  ce n te r top  d i ag ram .
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The f .  1 . o f  a  si m p l e  l e n s i s
in cre ase d  b y g l ass th i ckn e ss
and d e cre ase d  b y a re f ract i ve
n u mb e r h ig h e r th an  1 .5 0 . Th e
way t h i s  wo rk s  o u t, yo u  can
ap p ly t h e  s i m p l e  fo rm u l as
shown to  g e t f .  1 . wi th  a good
degree o f accu racy,  assu min g
cro wn  g l ass (in d e x about 1 .52)
fo r m o st le n se s.
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go fi r s t  t o  PP1, then par al lel  w i th  ax is  to  PP2,
and fi n a l l y  t o  th e  des tina tion  po i n t. Us ua l l y
an objec t- im age tr ac e  i s  m ade b y  the par al le l
ray m ethod, wh ic h  i s  s hown. F i g .  5 i s  another
example, and  th i s  t i m e  y ou w i l l  no te  the PP 's
are i n  nor m al  1 , 2  o r de r .

MATH FORM ULA S . Calc u la ting the  equiv alent
focal length o f  a  two- lens  sys tem is  one o f the
most common oper ations  i n  optic s . The tables
on oppos i te page el im inate a l l  s ign conventions
and a lgebr a  by  g iv ing a  s epar ate fo r m u la  fo r
each o f  t h e  c om binations  pos s ib le  w i t h  tw o
lenses.
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(l ) PRINCIPAL PLANES

®  EQU I VAL EN T  FOC AL LEN GTH  o f  T WO  L EN SES
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OBJECT- IMAGE
MATH

GR A P H I C A L  R A Y  T R A C I N G  i n e v i t ab l y  re v e al s
th at  m a t h  i s  f as t e r  an d  m o re  ac c u rat e  f o r  m o s t
p ro b l e m s.  P e rh ap s  th e  b e st  fe atu re  o f the  g rap h -
i c al  t r ac e  i s  th e  as s u ran c e  yo u  g e t f ro m  ac t u al l y
p u tti n g  th e  l i g h t  r a y s  th ro u g h  th e  vari o u s  l e n se s.
A  co m b i n at i o n  o f  m a t h  an d  g rap h  i s  o f t e n  t h e
b e st so l u t i o n .  T h e  m a t h  i t s e l f  i s  s i m p l e ,  b e in g
co n fi n e d  t o  t h e  e l e m e n t ary  t h i n -l e n s e q u at i o n s.
Th e  g e n e ral  i d e a i s  t h at  yo u  kn o w th e  f .1 „ o f  th e
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IS A T  i NF INt rY ;
THE PRIM ARY IMAGE
WIL L  BE IN THE FOCAL
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le n s an d  th e  p o si t i o n  o f  th e  o b j e ct  f ro m  th e  l e n s.
Th e  p ro b l e m ,  th e n , i s  t o  fi n d  th e  p o si t i o n  o f  th e
i m ag e .  F i g .  3  t ab l e  o n  o p p o si te  p ag e  c o v e rs  a l l
o f t h e  c o m m o n  s i t u at i o n s .  S t ran g e l y ,  t h e  f o r -
m u l as  b e c o m e  u s e l e s s  f o r  t h e  c o m m o n  c as e

o f a n  o b j e c t  a t  i n fi n i t y ,  b u t  o n  t h e  o t h e r  h an d
su ch  a  m a t h  so l u t i o n  i s  n e v e r  n e e d e d -- i f  th e
o b je ct i s  a t  i n fi n i t y ,  t h e  i m ag e  w i l l  b e  e x ac t l y
one f o c al  l e n g th  f r o m  th e  l e n s.

Grap h i c al  an d  m at h  m e th o d s are  co m p are d  in
F i g s.  1  an d  2 ,  w h i c h  s h o w a  t y p i c a l  te l e p h o to
l e n s. A  B a r l o w  l e n s  u se d  w i t h  a  te l e sco p e  i s
s i m i l a r .  T h e  g r ap h i c a l  t r a c e  i s  d o n e  b y  t h e
p aral l e l  r a y  m e th o d  f o r  th e  fi r s t  l e n s;  th e n , th e
sam e  r a y  i s  p u t  th ro u g h  th e  se co n d  le n s wi th  th e
o b l iq u e  r a y  m e th o d . T h e  d i ag ram  m u s t  be mad e
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f a i r l y  " f a t , "  a s  s h o w n ,  i n  o r d e r  t o  o b t ai n  a

re aso n ab l e  d e g re e  o f  a c c u r a c y .  T h e  d i a g r a m
can  b e  m ad e  i n  l e s s  t h an  5  m i n u t e s  wh e n  yo u
are  f a m i l i a r  w i t h  th e  p ro ce d u re .

Th e  m at h  so l u t i o n  i s done  b y fi n d in g  th e  i m ag e
p o si t i o n  f o r  th e  fi r s t  l e n s an d  th e n  u si n g  t h i s  as
th e  o b j e c t  f o r  th e  se co n d  l e n s.  T h i s  l o cat e s  th e
fi n al  i m ag e  p l an e  o f  a  d i s t an t  o b j e c t ,  an d  t h i s
i m ag e  p o s i t i o n  i s  a l s o  t h e  f o c a l  p l an e  o f  t h e
co mb in e d  l e n se s.  T h e  e q u i val e n t  f o cal  l e n g th  i s
fo u n d  b y  a  se p arat e  cal cu l at i o n ,  as  sh o wn .

13

Wi t h  an  i n fi n i t y  o b j e ct ,  yo u  c an  al so  fi n d  e . f . l .  b y
m u l t i p l y i n g  t h e  l i n e ar  M .  o f  se co n d  l e n s b y  th e
I. 1 . o f  fi r s t  l e n s.  T h i s  i s  th e  f o rm u l a co m m o n l y
u se d  f o r  B a r l o w  l e n se s .  i n  th e  e xam p l e  sh o wn ,
th e  l i n e ar  M .  o f  se co n d  l e n s  i s  B / A  i s  6 /  2 i s
3 x. T h e n ,  3  t i m e s  8  g i ve s  2 4  i n ch e s f o r th e  f o c al
le n g th  o f  th e  co m b i n e d  l e n se s.  T h i s  cal cu l at i o n
i s u se d  o n l y  f o r  a  d i s t an t  o b j e c t ;  i f  th e  o b j e ct
I s  a t  a  l e s s e r  d i s t an c e ,  t h e  fi r s t  l e n s  w i l l
co n tri b u te  t o  t h e  m ag n i fi c at i o n  s o  t h a t  i t  i s
n o t a n  e x c l u s i v e  f e a t u r e  o f  t h e  se co n d  l e n s ,
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STOPS
and

Pupils

ENTRANCE PUPIL
Oa APERTURE STOP

IN E V E RY  opti c a l  s y s tem  the r e  is  one lens  or
diaphragm which l im i ts  the s ize o f the bundle of
l ight r ay s  that can get through the lens  sys tem.
This  l i m i t i n g  aper tu r e  i s  c a l led  the  aper tur e
stop. Often i t  is  the fr on t lens  o f an ins tr um ent,
which i s  th e  c as e  fo r  telescopes  and m ic r o -
scopes. Fo r  a camera lens , the aper tur e s top is
the i r i s  diaphr agm  loc ated between the lenses .
When you use a magnify ing glass, your  eye is the
smalles t aper tur e i n  the optic al  sys tem, and so
becomes the aper tur e s top.

The pupi ls  a r e  images  o f the aper ture s top.
The entr anc e pupi l  is  the image o f the aper tur e
stop fo r m ed  by  the  lens  o r  lens es  ahead o f i t.
I f  ther e is  no lens  in  fr on t o f the aper tur e s top,
the aper tur e s top i ts e l f assumes a dual role, be-
ing also the entrance pupi l . Thus , in a telescope,
the fr o n t lens  i s  the aper tur e s top and and also
the entrance pupil .

The e x i t  pup i l  i s  th e  im age o f the aper tur e
stop fo r m e d  b y  th e  l e n s  o r  lens es  behind i t .
In the  case o f  a  teles c ope, th e  lens  behind the

VI/aloe of a DUPLET
I f  you  make  a g rap h i cal  t race  th rough
a d u p l e t f ro m  th e  f ro n t  f o cal  p o in t,
the e m e rg e n t  p aral l e l  b e am w i l l  b e
the d i am e t e r o f  th e  e n tran ce  p u p i l .
Then, b y the u su al fo rmu la, the f / value
of th e  le n s i s th e  fo cal  le n g th  d ivid e d
by th e  d i ame te r o f th e  e n tran ce  p u p il.
The f  /valu e  i s not val i d  un les s the lens
co ve rs so me  p ract i cal  si ze  o f an g u lar
fie ld , co mmo n ly 25 d e g re e s o r m o re .
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objec tive i s  th e  eyepiece; th e  image o f the ob-
jec tive for m ed by the eyepiece is  the ex i t pupil .
I f  the eyepiece i s  a  s ingle lens , th e  ex i t pupi l
is  r eadi ly  located by  the par al le l  r ay  method, as
shown i n  Fi g .  1 .  M o r e  o ften  th e  eyepiece i s  a
two- lens  sys tem and the tr ac e to  loc ate the ex i t
pupil i s  done by  the par al le l  r ay  method fo r  the
fi r s t lens , and  the  obl ique r a y  m ethod fo r  the
second. Fi g . 2  is  an example. In as trotelescopes
with long objec tiv es , th e  e x i t  pup i l  i s  approx -
im ately  one foc a l  length o f the eyepiece behind
the ey epiec e. I n  o ther  wor ds , th e  eyepiece i s
look ing a t  a  c om par ativ ely  d is tan t objec t ( the
objec tive) , and s o fo r m s  an image a t about one
L I. I n  s hor t telescopes  and binoculars , the ob-
jec tive i s  c los er  to  the eyepiece wi th  the r es ul t
the e x i t  pup i l  w i l l  be  found a  l i t t l e  m or e  than
one foc al length behind the eyepiece.

A DUP LE T WITHOUT A  STOP. One o f the m os t
fam i l iar  op ti c a l  s y s tem s  i s  th e  s i m p l e  l e n s
duplet, w i th  or  without a s top. When ther e is  no
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stop, t h e  f r o n t  l ens  i s  th e  aper tur e  s top and
also th e  entr anc e pup i l . Th e  e x i t  pup i l  i s  th e
image o f  the  fi r s t lens  fo r m ed by  the  second
lens. P r e l i m i n a r y  d a t e  i s  u s u a l l y  ob ta ined
mathematically , u s  i n g  t h e  s i m p l e  for m ulas
already des c r ibed. Th e  m ath wor k  inc ludes  the
e.f.l , and the  PP 's , Fi g .  3 , and may  inc lude the
ex it pupil i ts e l f, as  shown at C. Unl ik e the te le-
scope, the ex i t pupil  is  a  v i r tua l  image, appear-
ing to  be  ahead o f  the fi r s t lens , as  shown. I f
des ired, i t s  pos i tion c an be found graphically ,
as shown in Fig . 3D.

Once y ou know the loc ation o f the ex i t pupil ,
i t  o f fe r s  y e t  another  m ethod  o f  gr aphic a l ly
tr ac ing l i gh t r ay s  thr ough th e  optic a l  s y s tem .
Fig. 3 E  i s  a  ty p ic a l  ex am ple, w i th  the  objec t
located a t  infi n i ty . Th e  graphical tr ac e o f l ight
rays th r o u g h  t h e  fi r s t  l e n s  i s  done b y  t h e
par al lel  r a y  m e th o d . Y o u
already k now how to  put the
l ight r a y  through the second
lens by  us ing the oblique ray
method. Howev er , t h e  e x i t
pupil now offer s  an alternate
method. S ince th e  ex i t pupi l
is  a  pic tur e o f the fi r s t lens,
anything th a t happens to  the
fi r s t l ens  w i l l  a ls o  happen
to the image o f the fi r s t lens,
which i s  the  e x i t  pup i l . S o,
i f  a  l i g h t r a y  goes  thr ough
the edge o f  the fi r s t lens , i t
w i l l  a l s o  pas s  th r ough  ( o r
appear to  pass  thr ough)  the
ex it p u p i l .  T h i s  pa r ti c u l a r
example i s  a  v i r tual  im age,
so t h e  r e fr ac ted  r a y  o n l y
appears t o  c om e f r o m  th e
edge o f  the ex i t pupil . How-
ever, t h e  v i r tu a l  e x i t pup i l
serves jus t as we l l  as a real
one i n  loc ating the  r ay  path
through th e  second lens . I t
can be  s een i n  the drawing,
the t r a c e  o f  th e  a x i a l  r a y
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al so  l o c at e s  t h e  se co n d  p r i n c i p al  p l an e  as  we l l
as t h e  r e a r  f o c a l  p o i n t o f  th e  co m b i n e d  l e n se s.

Wi th  o th e r g rap h i c al  m e th o d s yo u  can  o b tai n
good ac c u r ac y  b y d rawi n g  co n s t ru c t i o n l i n e s  b e -
yo n d  t h e  d i am e t e r  o f  s m al l  l e n se s,  b u t  wi t h  th e
sto p -an d -p u p i l  te ch n i q u e  yo u  m u s t  s t i c k  to  th e
e xact  s i z e s  o f  sto p  an d  p u p i l s.  T h i s  o f te n  m e an s
n ar r o w  an g l e s ,  a p t  t o  b e  i n ac c u rat e  i n  l o cat i n g
th e  i m ag e  p o s i t i o n .  He n ce ,  i t  i s  p re f e rab l e  t o
cal cu l at e  t h e  i m ag e  p o s i t i o n  an d  tn e n  u se  t h e
sto p  an d  p u p i l s o n l y  to  d e te rm i n e  th e  e x ac t  p ath
o f th e  l i g h t  r a y s  th ro u g h  th e  l e n s.

D U P L E T  W I T H  A  S T O P .  In  th i s f am i l i a r  sys t e m ,
th e  d i ap h rag m  i s  t h e  ap e r t u re  sto p .  T h e  i m ag e
o f th e  s t o p  f o r m e d  b y  t h e  fi r s t  l e n s i s  th e  e n -
t ran c e  p u p i l ,  wh i l e  th e  i m ag e  o f  th e  sto p  fo rm e d
b y t h e  se co n d  l e n s  i s  th e  e x i t  p u p i l .  T h e  p u p i l s
are  u su al l y  cal cu l at e d .  S i n ce  th e  ave rag e  sys t e m
i s  s y m m e t r i c a l ,  o n e  cal cu l at i o n  s e rv e s  f o r  b o th
e n t ran ce  an d  e x i t  p u p i l s,  F i g .  4 .  Ho we v e r ,  i f  th e
d u p le t i s  n o t s y m m e t r i c a l ,  yo u  wi l l  h ave  d i f fe re n t
l o cat i o n s f o r  t h e  p u p i l s ,  a s  s h o w n  i n  F i g .  5
e xam p l e .

F i g .  6  s h o w s  h o w a  r a y  t r ac e  i s  m ad e  u si n g
th e  sto p  an d  p u p i l s.  T h i s  i s  sh o wn  fo r l x  p ro j e c -
t i o n , wh i ch  i s  a  co n ve n i e n t an d  co m p act  te st  case
wi t h  b o th  o b j e ct  an d  i m ag e  a t  t wo  f o c al  l e n g th s.
Th e  g e n e ral  m e th o d  o f  m ak i n g  th e  r a y  t r ac e  i s
th e  s a m e  a s  a l r e ad y  d e sc r i b e d .  Y o u  k n o w  t h e
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e n t ran ce  p u p i l  i s  a  p i c t u re  o f  t h e  sto p  f o rm e d
b y t h e  fi r s t  l e n s .  S o ,  y o u  a i m  th e  l i g h t  r a y s  at
th e  i m a g e  o f  t h e  s t o p ,  kn o wi n g  t h a t  a f t e r  r e -
f rac t i o n  b y  t h e  fi r s t  l e n s  t h e  r a y s  w i l l  th e n  g o
th ro u g h  th e  sto p  i t s e l f .  S i m i l a r l y ,  wh e n  th e  l i g h t
r a y s  l e av e  t h e  s y s t e m ,  t h e y  w i l l  se e m  to  co m e
f r o m  t h e  i m ag e  o f  t h e  s t o p ,  w h i c h  i s  t h e  e x i t
p u p i l .  T h e  r a y s  t h ro u g h  t h e  ce n t e r o f  th e  l e n s,
F i g .  6 ,  a r e  e as y  to  f o l l o w.

S IZ E  O F  F I E L D .  T h e  l i n e ar  fi e l d  o f  a d u p le t i s
d e te rm i n e d  b y  a  l i n e  co n n e ct i n g  t h e  c l e a r  ap -
e rt u re  o f  fi r s t  l e n s  w i t h  t h e  l o w e r  e d g e  o f  th e
e n t ran ce  p u p i l ;  wh e n  e xte n d e d  t o  o b j e c t  p l an e ,
t h i s  l i n e  m a r k s  th e  l i m i t  o f  the  f u l l y -i l l u m i n at e d
fi e l d .

F i g .  6  d i a g r a m  r e v e a l s  t h e  g e n e ral  n at u re
o f t h e  s y m m e t r i c a l  d u p l e t .  No t e  t h at  a  p o i n t a t
edge o f  fi e l d  g e t s  j u s t  ab o u t as  m u ch  l i g h t  as  a
p o in t r i g h t  o n  th e  ax i s ,  m ak i n g  th e  o ve ral l  l i g h t -
in g  p e r f e c t l y  u n i f o rm .  N o t e  al so  h o w th e  e d g e -
o f -fi e l d  r a y s  c r i s s - c r o s s  th e  t wo  l e n se s,  g o in g
th ro u g h  t h e  t h i n  p a r t  o f  o n e  l e n s  an d  th e  t h i ck
p ar t  o f  th e  o th e r,  a  p ath  wh i ch te n d s to  e l i m i n ate
th e  l a t e r a l  f au l t s  o f  co m a,  d i s t o rt i o n  an d  co l o r.
Yo u  s t i l l  g e t  p o o r p e r f o rm an c e  f r o m  th e  l o n g i -
tu d i n al  f au l t s ,  p ar t i c u l ar l y  sp h e ri cal  ab e rrat i o n ,
wh i ch  can  b e  d e cre ase d  o n l y b y  u si n g  a  s m al l e r
sto p . De p e n d in g  o n  wh at  i t  i s u se d  fo r,  th e  si m p l e
le n s d u p le t i s r a r e l y  p rac t i c al  i f  f as t e r th an  f /4 .5 .



surface-by-surface

glass INDEX method
I T  IS  a  n e e d l e ss re fi n e m e n t  t o  u se  a s u r f ac e -b y -
su rf ace  r a y  t r ac e  t o  so l ve s  si m p l e  o b j e ct -i m ag e
p ro b l e m ,  b u t  i f  yo u  w an t  t o  fi n d  t h e  s p h e r i c al
ab e rrat i o n  o f  a le n s sys t e m ,  th e  se p arat e  su rf ace
t r ac e  i s  th e  an s w e r ,  wh e t h e r yo u  d o  th e  wo rk  b y
m at h  o r  g rap h .  T h e  g rap h i c al  m e th o d  sh o wn  i s a
ve c t o r m e th o d  ap p l i e d  to  th e  r e f r ac t i v e  i n d e x o f

CENTER OF P ARAL I . S . 1 .  To A i R .  I
CONSTRUCTION i N c u m N r  RAYDIAGRAM
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S A M E  (X amp le  - 2 /
4
5 W I F A C Eth e  g l as s .  T h e  t r ac e  i s  e as y  t o  d o  an d  m ak e s  an
i n te re st i n g  s t u d y  e ve n  i f  yo u  h ave  n o  g re at  u se
f o r  i t .

A U X I L I A R Y  C O N S T R U C T I O N  D I A GR A M .  A  se p -
arat e  co n s t ru c t i o n  d i ag ram  i s  n e e d e d  in  ad d i t i o n
to  a  d i ag ram  o f  th e  l e n s i t s e l f .  T h e  co n st ru ct i o n
d i ag ram  co n s i s t s  o f  t wo  c i r c u l a r  are as ,  o n e  re p -
se n tin g  t h e  r e f r a c t i v e  i n d e x  o f  a i r ,  wh i ch  i s  1 ,
wh i l e  th e  o t h e r i s  th e  i n d e x o f  the  g l ass u se d  f o r
th e  l e n s.

The  sam p l e  p ro b l e m ,  P i g .  I ,  i s  b ro ke n  in to
two  s t ag e s  t o  s h o w  t h e  p ro c e s s  m o r e  c l e ar l y .
L i n e s 1  an d  2  a r e  d raw n  fi rs t ,  th e se  b e in g  o n  th e
l e n s d i ag ram .  Th e  an g le  o f  l in e  2 i s  th e n  t r an s f e r -
re d  t o  t h e  co n s t ru c t i o n  d i ag r am ,  b e i n g  l i n e  4 .
Th e n , i f  yo u  j o i n  th e  end  o f th i s l i n e  to  th e  ce n t e r
o f th e  co n st ru ct i o n  d i ag ram ,  yo u  wi l l  g e t th e  an g le
o f  th e  r e f r ac t e d  r a y  a t  t h e  fi r s t  s u r f ac e .  T h i s
an g le  i s  th e n  t r an s f e r r e d  t o  t h e  l e n s  d rawi n g .
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0  TRACE CONTINUED THRU SECOND SURFACE

Th e  p ro c e s s  i s  re p e at e d  f o r  th e  se co n d  o r  ad -
d i t i o n al  s u r f ac e s .  T h e  w o r k  i s  m ai n l y  a  m at t e r
o f t r an s f e r r i n g  an g l e s  f r o m  o n e  d i ag ram  to  th e
o th e r.  T h i s  i s  r e ad i l y  d o n e  w i t h  a n  ad j u stab l e
t ri an g l e  o r  s i m i l a r  d raf t i n g  to o l .

F i g .  4  s h o w s  th e  co m p l e te  t r ac e  i n  o n e  d i a-
g ram .  Wh e re  th e  l i g h t  r ay  c ro sse s  th e  ax i s  i s th e
f o cal  p o i n t  f o r  t h i s  p a r t i c u l a r  l i g h t  r a y .  T h e
re fe re n ce  s t an d ard  f o r  th e  f o c al  l e n g th  o f  a le n s
i s  o b t ai n e d  f r o m  a  p a r a x i a l  ( P A R - a x i a l )  r a y ,
wh i ch  m e an s  a  l i g h t  r a y  o n  o r  n e ar  th e  ax i s .  I f
yo u  we re  t o  d r aw  su ch  a  ray ,  yo u  wo u ld  b e  l i k e l y
to  m a k e  a  co n s i d e rab l e  e r r o r  b e cau se  o f  t h e
s l i m  an g l e s i n vo l ve d .  Wh at  yo u  need  i s a p arax i al
t rac e ,  b u t  d r a w n  a t  so m e  co m f o rt ab l e  d i s t an ce
f r o m  t h e  a x i s .  T h i s  c a n  b e  d o n e  b y  s i m p l y
d u p l i cat i n g  t h e  co n d i t i o n s a t  t h e  c e n t e r  o f  t h e
l e n s, w h i c h  i s  acco m p l i sh e d  b y  u s i n g  tan g e n t
p l an e s,  F i g .  5 .  No w yo u  can  wo rk  at  an y d i s t an ce
f r o m  t h e  a x i s ,  an d  t h e  l i g h t  r a y  w i l l  p e r f o r m
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e xac t l y  l i k e  a  p a r a x i a l  r a y .  F r o m  th e  p a r ax i a l
t rac e  y o u  g e t  t h e  f o c al  p l an e  o f  th e  l e n s,  wh i c h
i s  a t  t h e  p o i n t  w h e re  t h e  l i g h t  r a y  cu t s  ac r o s s
th e  ax i s .

S P H E R I C A L  A B E R R A T I O N .  A  p a r a x i a l  t r a c e
as  d e sc r i b e d  l o cat e s  th e  f o c al  p o i n t o f  th e  l e n s.
Id e al l y ,  a l l  r a y s  sh o u l d  c o m e  t o  t h i s  s a m e
fo cu s— an y d e p a r t u r e  i s  t h e  f a u l t  k n o w n  a s
sp h e ri cal  ab e rrat i o n .  S i m p l e  l e n se s w i l l  a l w ay s
sh o w s o m e  S .  A ,  I t  i s  a l w ay s  u n d e r-c o rre c t e d
f o r p o s i t i ve  l e n se s,  t h at  i s ,  a  m arg i n a l  r a y  w i l l
f al l  s h o r t  o f  th e  p ar ax i a l  f o cu s.  S p h e ri cal  ab e r -
rat i o n  i n c re as e s  ap p ro x i m at e l y  as  th e  sq u are  o f
th e  r a y  h e i g h t - -a r a y  t w i ce  as  f a r  f r o m  th e  ax i s
w i l l  h ave  f o u r  t i m e s  th e  S. A .

To  fi n d  t h e  S .  A .  o f  a l e n s,  yo u  m ak e  a  p a r -
ax i al  t r a c e  u s i n g  t an g e n t  p l an e s  t o  fi n d  t h e
p ar ax i a l  f o c u s .  T h e n ,  a  m arg i n al  r a y  i s  d rawn .
I t  c a n  b e  t h e  s am e  i n ci d e n t  p aral l e l  r a y  as  b e -
fo re ,  b u t  t h i s  t i m e  i t  i s  d r aw n  to  th e  s u r f ac e  o f

th e  l e n s ,  an d  th e  co n s t ru c t i o n  d i ag ram  u se s i n -
d e x c i r c l e s  i n s t e ad  o f  s t r a i g h t  l i n e s .  T h e  d i f -
fe re n ce  i n  th e  ax i a l  i n t e rce p t  i s  th e  l o n g i tu d i n al
sp h e ri cal  ab e r r a t i o n .  Un f o r t u n at e l y ,  y o u  c an ' t
u se  t h i s  m e t h o d  f o r  m i r r o r s  f o r  t h e  s i m p l e
re aso n  t h e  " i n d e x"  o f  a  m i r r o r  i s  1 ,  th e  s am e
as a i r .
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V A RI A T I O NS  I N  IN F O CA L  L E N GT H .  T h e  v ar i o u s

g rap h  an d  m a t h  m e th o d s u se d  t o  fi n d  f .  1 . m a y
v a r y  s l i g h t l y  s i n c e  s o m e  o f  t h e  m e th o d s a r e
m e re l y  c l o se  ap p ro x i m at i o n s .  F o r  e xam p l e ,  th e
1.1. o f  an  e q u i -co n ve x  l e n s  i s  t h e  s am e  a s  i t s
rad i u s  o f  c u r v a t u r e — F -  R. Ne i t h e r  g l as s  t h i c k -
n e ss n o r i n d e x are  co n si d e re d .

F i g .  6  i s  g rap h i c al  p ro o f  th at  th e  f . l .  o f a l e n s
i s i n c re as e d  b y  g l as s  t h i c k n e s s .  F i g .  7  sh o ws
t h at  a  h ig h  i n d e x n u m b e r w i l l  d e c re ase  th e  fo cal
le n g th . S i m p l e  l e n s  f o r m u l as  a r e  b ase d  o n  an
assu m e d  i n d e x o f  1 .5 0 . Ho we v e r ,  th e  m o s t  co m -
mo n  o p t i c al  g l as s  h a s  a n  i n d e x o f  ab o u t  1 .5 2 .
An d , o f  co u rse ,  e ve n  a  th i n  l e n s h as  so m e  g l ass
th i ckn e ss.  T h e  n e x t  r e s u l t  i s  t h at  th e  t wo  v a r -

i ab l e s a r e  m o re  o r  l e ss se l f -co m p e n sat i n g .

O T H E R  E X A M P L E S .  F i g .  8  s h o w s  a  p a r a x i a l
t r ac e  t h ro u g h  a  p i an o -c o n v e x  l e n s .  I t  c an  b e
se e n  t h at  t h e  " n o rm al ! '  t o  a  p l an e  s u r f ac e  i s  a
l i n e  p ar a l l e l  w i t h  t h e  a x i s .  A n o t h e r s m al l  v a r -
i at i o n  h e re  i s  th e  n o rm al  t o  fi rs t  su rf ace ,  wh i ch ,
i f  d e s i re d ,  c an  b e  d raw n  fi r s t  a t  an y  co n ve n i e n t
an g le , h e re  4 5  d e g re e s.

F i g .  9  s h o w s  t h e  p a r a x i a l  t r a c e  th ro u g h  a
n e g at i ve  l e n s.  I t  can  be se e n  th e  t race  al so  s e rv e s
to  l o c at e  t h e  p r i n c i p al  p l an e s ,  wh i ch  ar e  s y m -
m e t r i c a l  i n  a s y m m e t r i c a l  l e n s.


